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Abstract

A modi_ed kÐo two!equation turbulence model was developed to improve the consideration of the important buoyancy
e}ect on turbulence and turbulent transport\ which is a serious de_ciency of the standard buoyancy!modi_ed kÐo model[
The present model was tested against both plane and axisymmetric thermal plumes and a buoyant di}usion ~ame[ The
model was found to be stable\ computationally economic\ promising and applicable to complex situations[ The predicted
plume spreading rates and velocity and temperature pro_les agreed well with experimental measurements[ When
compared with the standard buoyancy!modi_ed kÐo turbulence model\ this model gives signi_cantly improved numerical
results[ Þ 0887 Published by Elsevier Science Ltd[ All rights reserved[

Nomenclature

a`i gravity acceleration vector
c0\ c1 turbulence model constants
c2 turbulence model constant
c0o\ c1o turbulence model constants
c2o\ c` turbulence model constants
c0t\ c1t turbulence model constants
c2t turbulence model constant
cm turbulence model constant
f mixture fraction
F9 the buoyancy parameter
` mixture fraction variance
G buoyancy production rate of turbulence kinetic
energy
I radiation intensity
k turbulence kinetic energy
l distance of a radiating path
P shear production rate of turbulence kinetic energy
Pr Prandtl number
r radial distance
R turbulence model constant
Rf ~ux Richardson number
Rf? modi_ed ~ux Richardson number

� Corresponding author[

s stoichiometric ratio
Sc Schmidt number
t time
T temperature
ui\ uj velocity vector
v vertical velocity
z height above virtual origin of plume[

Greek symbols
b thermal expansion coe.cient
dij Kronecker delta
o dissipation rate of turbulence kinetic energy
m laminar viscosity
yt turbulent viscosity
r density
sk\ sT turbulent Prandtl numbers
so\ s8 turbulent Prandtl numbers
zw\l local spectral absorption coe.cient[

Subscripts
F fuel
i co!ordinate direction
m maximum
O oxidant
w wavenumber
� ambient condition[
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Superscripts
* Reynolds average
½ Favre average
? ~uctuation from Reynolds average
ý ~uctuation from Favre average[

0[ Introduction

Buoyancy!a}ected ~ow is of great interest in many
industrial applications\ including _res and pollutant dis!
persion[ In _res\ the ~ow is usually buoyancy!dominated
with a Froude number below 0[9[ Among the complex
processes involved in _res\ buoyancy!a}ected turbulent
transport is of great importance\ since it imposes a direct
and critical in~uence on entrainment\ _re plume width\
rate of descent of ceiling smoke layer\ gas temperature
and velocity pro_les\ and combustion\ etc[ Therefore\
the accuracy of numerical simulation of _res is largely
dependent on how well the buoyancy!a}ected turbulent
transport is considered[

Due to its complexity\ turbulence remains an unre!
solved subject of research[ In order to meet engineering
needs\ many di}erent turbulence models\ of varying com!
plexity and applicability have been proposed ð0Ł\ such as
the mixing length model\ the kÐo model\ the kÐv model\
the Algebraic Stress Model "ASM# and the Reynolds
Stress Model "RSM#[ With the rapid expansion of com!
puter power\ the Large Eddy Simulation "LES# and the
Direct Numerical Simulation "DNS# have started to play
an important role in ~uid dynamics research[ However\
due to the enormous computer resources required\ the
LES and the DNS are still essentially impractical\
especially for complex problems and industrial appli!
cations[

Among the turbulence models mentioned above\ the
kÐo turbulence model is perhaps the most widely used[
Most _re simulations have been carried out using the kÐ
o turbulence model ð1Ð7Ł[ It is attractive because it is
simple\ numerically stable\ extensively validated and
requires much less computing capacity than the RSM
and ASM[ However\ the standard buoyancy!modi_ed kÐ
o model tends to seriously under!predict the spreading
rate of vertical thermal plume ð4\ 5Ł and over!predict the
spreading rate of horizontal\ stably!strati_ed ~ow ð8Ł[
Shabbir and Taulbee ð09Ł evaluated the closure for!
mulations in the kÐo model and the ASM using exper!
imental data[ They found that the rate of turbulence
kinetic energy production directly by buoyancy in an
axisymmetric thermal plume is generally several times
larger than that modeled through the simple gradient
method in the standard buoyancy!modi_ed kÐo model[
Clearly\ the consideration of the buoyancy e}ect in the
standard buoyancy!modi_ed kÐo model is far from
adequate[

With a partial di}erential or algebraic equation solved

for each individual Reynolds stress\ the RSM and the
ASM are able to account for the buoyancy e}ect much
more realistically[ In ð09Ł\ it was found that the measured
buoyancy production rate of turbulence kinetic energy
agreed reasonably well with that evaluated in the ASM\
which has been demonstrated to be quite successful\
especially when applied to relatively simple ~uid dynam!
ics problems\ such as a two!dimensional thermal plume
and a two!dimensional jet[ However\ these two models\
especially the RSM\ are much more computationally
demanding than the kÐo model\ and numerically unstable
ð00\ 01Ł[ The numerical di.culty may become even worse
when they are applied to more complex situations\ such
as those in _res in which combustion and radiation are
involved[

It is clearly desirable to develop a relatively simple and
kÐo based turbulence model which improves the con!
sideration of the buoyancy e}ect signi_cantly and allows
the kÐo based CFD codes\ which are being extensively
used\ to be easily modi_ed[ In this study\ a modi_ed kÐo

two!equation turbulence model was developed[ It was
applied to both two!dimensional plane and axisymmetric
thermal plumes as a basic test\ and to a buoyant di}usion
~ame to demonstrate its applicability to complex situ!
ations[

1[ Model development

In the standard buoyancy!modi_ed kÐo model\ tur!
bulence is considered through the solution of the fol!
lowing two equations ð02Ł]
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where P � −uiýujý"1u½ i:1xj# and is modeled as
P � yt"1u½ i:1xj¦1u½ j:1xi#1u½ i:1xj\ Rf? is the modi_ed ~ux
Richardson number\ G � −buiýT ýa`i and is modeled as
G � b"yt:st#"1T½ :1xi#a`i\ b is the thermal expansion
coe.cient −"0:r¹ #"1r¹ :1T½ #[

The governing equation for an ordinary scalar\ such
as mass fraction and enthalpy\ reads
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where S¹ 8 is the source term and Pr represents the Prandtl
or Schmidt number[

The numerical constants and their sources are listed in
Table 0[

Due to its simplicity\ this standard buoyancy!modi_ed
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Table 0
Numerical constants

Constant cm c0o c1o c2o sk so sT s8 c`

Value 9[98 0[33 0[81 9[9a 9[7b 0[9 0[2 9[6 9[6 1[9
Ref[ ð02Ł ð02Ł ð02Ł ð02Ł ð02Ł ð02Ł ð03Ł ð03Ł ð03Ł

a is for vertical ~ow[
b is for horizontal ~ow[

kÐo model has been widely used to study buoyant
di}usion ~ame and smoke movement in _res ð1Ð7Ł[ How!
ever\ it is well known that this model tends to seriously
under!predict the spreading rate of vertical buoyant jets
ð4\ 5Ł and over!predict the entrainment of horizontal\
stably!strati_ed ~ow ð8Ł[ Since the buoyancy production
term\ G in the k equation\ is positive in unstable ~ow and
negative in stable ~ow\ the role of buoyancy is to amplify
or damp turbulence[ Therefore\ the magnitude of G is
likely to be under!estimated by simple gradient modeling[
This is evidenced in Shabbir and Taulbee|s investigation
ð09Ł[ In their study of an axisymmetric plume\ they found
that the measured axial heat ~ux\ uýT ý\ was generally
several times larger than that modeled in the simple gradi!
ent form\ but agreed reasonably well with that modeled
in the following ASM form\
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where T ý1 � −R"k:o#uiýT ý"1T½ :1xi#\ c0t\ c1t\ c2t and R are
constants ð09Ł[

Attempts were made to adopt the above formula to
model uiýT ý in this work[ However\ it was found di.cult
to reach convergence[ We thus turned to the generalized
gradient di}usion hypothesis of Daly and Harlow ð04Ł\
which is simpler\ and reads

uiýT ý � −ct
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where ct �
2
1
cm:sT[

This di}usion hypothesis was probably _rst used by
Ince and Launder ð05Ł[ As will be seen later\ the mag!
nitude of uýT ý in eq[ "4# is generally several times larger
than that in the simple gradient modeling form[ This
indicates that the generalized di}usion hypothesis is more
realistic[

In the ASM\ the Reynolds stress is given by
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which indicates there is a direct e}ect of buoyancy on
uiýujý[ Although it is much simpler than the uiýujý equa!
tion in the RSM\ this formula is still rather complex[

In order to simplify it\ Davidson ð06Ł proposed a
second closure correction method and rewrote the above
expression as
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and was modeled by the formula in the standard kÐo

model as
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The term "P¦G#:o−0 in the denominator will disappear
if the local equilibrium assumption is adopted[

The Reynolds stress appears in the momentum equa!
tions\ the turbulence kinetic energy production term\ P\
and the generalized gradient modeling formula of eq[ "4#[
The numerical experiments in this work indicated that
the inclusion of "uiýujý#asm in the momentum equations
and eq[ "4# will create numerical di.culty when the model
is coupled with complex combustion and radiation mod!
els to study the buoyant di}usion ~ame[ Thus\ we only
introduced "uiýujý#asm into the turbulence kinetic energy
shear production term P\ which appears in both k and o

equations\

P � −uiýujý
1u½ i
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In the present model\ the production term is computed
as
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P � "P#k−o"0−Rf# "8#

where
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In consistency with the heat ~ux uiýT ý modeling\ all the
scalar ~uxes in eq[ "2# are modeled in the generalized
gradient di}usion form[

All the empirical model constants keep their values
from the standard kÐo model except for c2o\ which is
directly related to buoyancy e}ect[ In the standard buoy!
ancy!modi_ed kÐo model\ di}erent values of c2o were rec!
ommended ð02Ł\ varying with ~ow conditions from about
9[9 to about 0[9[ In the present model\ we recommend a
value of 9[5 for c2o\ largely based on numerical exper!
iments[

2[ Numerical method

The control volume method was employed\ with PLDS
"Power Law Di}erential Scheme# ð07Ł[ The SIMPLE ð07\
08Ł pressure correction algorithm was adopted[ A non!
uniform grid\ clustered towards high gradients region\
was used[ The steady state solution was obtained by
simulating the physical transient process for su.cient
long time until steady state is reached[ Numerical sen!
sitivity computations were performed\ indicating that all
the numerical results presented are essentially grid!inde!
pendent and radiation ray!number independent "in the
di}usion ~ame simulation#[

3[ Basic test of the model

3[0[ Two!dimensional plane thermal plume test

As a basic test\ the modi_ed model was _rst applied to
a two!dimensional\ plane thermal plume[ A two!dimen!
sional\ plane thermal plume is often chosen as a pre!
liminary test case for model development\ since it is
simple\ self!similar and extensive experimental data are
available for comparison[

This ~ow is symmetric with respect to the plume central
line\ and essentially parabolic\ i[e[\ the downstream ~ow

Table 1
Comparison of spreading rates

Source Experiment ð19Ł Present model Standard kÐo

dy9[4U:dx 9[019 9[019 9[970
dy9[4T:dx 9[029 9[012 9[979

characteristic is mainly determined by the upstream ~ow[
Due to its symmetry\ the computation was only carried
out on half of the plane with symmetric boundary con!
dition imposed at the plume central line[ The com!
putation domain was extended to 0[9 m away from and
1[6 m above the center of the plume source exit "plume
source exit half width is 9[92 m#\ where free and exit
boundary conditions were adopted\ respectively[ The
plume source ~ow was assumed to be laminar with uni!
form velocity and temperature[ The presented results
were obtained using a non!uniform grid of 49×39[

The spreading rate of a vertical thermal jet is of critical
importance[ The predicted spreading rates based on half
central line velocity and half central line temperature
increase are compared in Table 1 with experimental
measurements ð19Ł[ The results of this model are prom!
ising\ and agree well with experimental data[

Computation was also performed using the standard
buoyancy!modi_ed kÐo model\ and the predicted spread!
ing rates are also listed in Table 1[ One can clearly see
that the standard kÐo model seriously under!predicts the
spreading rates of the thermal plume\ by about 29)[ In
the kÐo model\ the turbulent transport is closely related
to the turbulent transport coe.cient\ which is pro!
portional to cm and inversely proportional to the turbulent
Prandtl number s8[ As expected\ a larger value of cm and
a smaller value of s8 will result in increased spreading
rates[ One may be able to _t speci_c experimental data
by simply adjusting the constants cm and s8\ as Nam and
Bill have done ð5Ł[ However\ it is not reasonable to adjust
the standard constants arbitrarily without any fun!
damental basis\ otherwise the generality of the turbulence
model will be lost[

Figure 0 shows the computed and measured velocity
and temperature pro_les[ As shown in the _gure\ the
pro_les predicted by this model match experimental
measurements very well[

Figure 1 presents the computed turbulence kinetic
energy pro_les[ For reference\ it is compared with that of
Hossain and Rodi|s ASM study ð10Ł[ There is reasonably
good agreement between these two computations\
although there are some di}erence[ This model predicted
a higher turbulence kinetic energy at the central line[
The di}erence in the buoyancy production rates of the
turbulence kinetic energy given by the two di}erent mod!
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Fig[ 0[ Comparison of velocity and temperature pro_les "a#
U:Um vs y:y9[4Um

\ "b# DT:DTm vs y:y9[4Um
[

els is probably one of the main reasons[ At the central
line\ G is zero in Hossain and Rodi|s ASM study ð10Ł\
while a positive value was obtained with this model[ As
shown in ð09Ł\ experimental measurement of an axi!
symmetric thermal plume indicated a positive value of G
at the central line[ Another di}erence is that the tur!
bulence kinetic energy decreases faster toward the plume
edge in the present model[

Figure 2 clearly shows that the G term given by gen!
eralized gradient modeling is generally much larger than
that by simple gradient modeling[ At the plume edge\
where y:y9[4Um

is about 0[4 and the vertical component of

Fig[ 1[ k:U1
m vs y:y9[4Um

[

Fig[ 2[ Variation of buoyancy production rate\ G\ normalized
by its central line value[ Note] in this and later _gures\ standard
model � the standard buoyancy!modi_ed kÐo model[

the temperature gradient is negative\ simple gradient
modeling gives a negative value of G\ which is of the
opposite sign to that given by generalized gradient mod!
eling[ This implies that the counter gradient di}usion is
accounted for by generalized gradient modeling[ Con!
sidering Shabbir and Taulbee|s _nding concerning the
axial heat ~ux uýT ý ð09Ł\ Fig[ 2 indicates that it is impor!
tant to replace simple gradient modeling of scalar ~uxes
at least by generalized gradient modeling[

3[1[ Axisymmetric thermal plume test

Since some previous turbulence models tuned to plane
~ow turn out to fail in axisymmetric situations ð02Ł\ this
further test was carried to verify that the present model
is free from this weakness[
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Fig[ 3[ Normalized buoyancy pro_le[

Fig[ 4[ Normalized vertical velocity pro_le[

The experiment conducted by George et al[ ð11Ł was
simulated\ using both the present model and the standard
buoyancy!modi_ed kÐo model[ The computation domain
was extended to 9[8 m away from "radial direction# and
2[4 m above the center of the plume source exit[ The
boundary conditions are similar to those used in the plane
plume case\ but the ~ow is now axisymmetric[ A non!
uniform grid of 39×39 was employed[

Figures 3 and 4 show the predicted and measured nor!
malized velocity and buoyancy pro_les[ The normalized
vertical velocity and buoyancy are de_ned as] v"z:F9#0:2

and =a`i="Dr:r�#"z4:F1
9#0:2\ where v is the vertical velocity\

z is the height above the virtual origin of the plume and
F9 is the buoyancy parameter[ In this particular problem\
the virtual origin of the plume was found to be in the
plane of the plume source exit and F9 is 0[9×0[95 cm3:s2

ð11Ł[ It can be seen that the predictions by the present
model agree very well with measurements and are much
better than those by the standard buoyancy!modi_ed kÐ
o model[

4[ Application to a buoyant diffusion ~ame

In order to verify the applicability of the developed
turbulence model to the simulation of _res\ the model
was coupled with complex combustion and radiation
models to study a buoyant di}usion ~ame[ The results
are compared with those of standard buoyancy modi_ed
kÐo model and the measurement[ This application is also
a further validation of the developed turbulence model[

In this particular application\ the ~amelet concept ð12Ð
14Ł was employed to study combustion[ With the radi!
ation properties of the combustion products\ including
soot\ water vapor and carbon dioxide\ presented by
Modak|s curve _t method ð15Ł\ the discrete transfer
method ð16Ł was used to calculate the radiation[

4[0[ The combustion model

Combustion was considered using the ~amelet concept
ð12Ð14Ł which is based on the mixing control assumption[
In the ~amelet concept\ the turbulent ~ame is considered
to be an ensemble of wrinkled laminar ~amelets which
have a well!de_ned structure[ The instantaneous chemical
species concentration is simply related to the local value
of the mixture fraction[ Chemistry turbulence inter!
actions are included by treating the turbulent reacting
~ow as a random process and introducing a probability
density function "pdf#[ The following two equations are
solved for a conserved scalar "mixture fraction# and the
variance of mixture fraction\ respectively\
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where the mixture fraction is de_ned as

f �
"YF−YO:s#mixture−"YF−YO:s#oxidant

"YF−YO:s#fuel−"YF−YO:s#oxidant

\

"YF−YO:s# is the ShvabÐZeldovich variable\ s represents
the stoichiometric ratio\ and g is the variance of the
mixture fraction f ý1[

The prescribed pdf is then constructed using the mix!
ture fraction and its variance[ In this study\ the nor!
malized Beta function ð14Ł was adopted[

4[1[ Soot modelin`

Sooting is a complex phenomenon which includes soot
formation and oxidation[ Soot is mainly formed in the
fuel rich region of the ~ame through a complex chemical
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process converting gas fuel of few carbon atoms to a solid
particle which contains up to a million carbon atoms\
and exhibits no unique chemical or physical structure[
This process comprises nucleation\ coagulation and sur!
face growth[ The formed soot can be oxidized by O1

and the OH radical when transported to the lean region[
Although some progress has been made in soot modeling
ð17Ł in recent years\ turbulent soot modeling is still in its
infancy[ In this study\ soot was approximately considered
by assuming that a certain proportion of the parent fuel
was converted to soot[ The conversion factor\ 09)\ was
taken from the literature ð18Ł[

4[2[ The radiation model

In this study\ the discrete transfer "DT# method ð16Ł
was adopted to calculate the radiation[ Modak|s curve!
_t method ð15Ł was incorporated to predict the radiation
properties of the combustion products[ Since the radi!
ation is highly nonlinear\ the consideration of the in~u!
ence of turbulent ~uctuation on radiation is clearly desir!
able[ However\ the computational complexity and the
computer capacity required will be greatly increased[ As
an approximation\ the radiation was computed using
mean scalars in this study[

In the discrete transfer method\ the radiation equation\
with the following form\ is solved along a discrete set of
directions "rays# from every element of the boundary
surface\

1Iw\l

1l
� −zw\lIw\l¦zw\lI

9
w\l "01#

where the superscript 9 denotes black!body and w the
wavenumber[

4[3[ Brief description of the simulated ~ame

The simulated experiment was conducted by And!
ersson et al[ ð29Ł[ In this experiment\ a circular burner
was placed at the center of a open!top cylinder which is
2 m in diameter and 1 m in height[ The diameter of the
burner was 89 mm and the fuel "C2H5# supply rate 9[17
g:s[ In order to obtain a stable axisymmetric ~ame\ air
was introduced through the ~oor of the cylinder at a
velocity of 9[2 m:s[

4[4[ Results and discussion

The numerical simulations were carried out using both
the standard buoyancy!modi_ed turbulence model and
the present model[ In the simulations\ the ~ame was
assumed ideally axisymmetric[ The computations con!
sidered the whole space inside the cylinder\ but took full
advantage of the axisymmetry[ The burner exit ~ow was

assumed laminar and uniform[ At solid surfaces\ non!
slip wall boundary condition was employed[ A non!uni!
form grid of 49×35 was used[

The predicted pro_les were compared with exper!
imental measurements[ In order to show the symmetry
of the experimental ~ame\ most of the pro_les are plotted
on both sides of the burner[

Figure 5"a#Ð"k# show the predicted and measured vel!
ocity\ temperature and composition pro_les at three
di}erent heights] 9[8\ 0[1 and 0[4 m above the burner[
These _gures clearly show that the width of the thermal
plume predicted by the standard buoyancy!modi_ed kÐo

model is much narrower than both measurements and
the prediction of the present model[ Using the standard
buoyancy!modi_ed kÐo model\ the velocity\ temperature
and concentration of combustion products at the plume
center are all signi_cantly over!predicted[ Corre!
spondingly\ the concentration of oxygen at the plume
center is severely under!predicted[ This is consistent with
the _ndings in some earlier studies ð4\ 5Ł[ The main reason
is that turbulent transport is seriously under!predicted by
the standard buoyancy!modi_ed kÐo model\ as indicated
in the model test section[ The results given by the present
model are in a close agreement with measurements[ The
spreading rates\ plume width\ and the velocity\ tem!
perature and composition pro_les are all reproduced
quite well using the present model[ The di}erence in
central line values between measurements and the pre!
dictions of the present model is within about 09)[ Due
to the crudeness of the soot modeling and the large uncer!
tainty in the experimental measurement of soot volume
fraction ð29Ł "up to a factor of 2#\ there is a considerable
di}erence between the predicted and measured soot vol!
ume fraction pro_les[

Figures 6 and 7 show the predicted and measured decay
of the velocity and temperature _elds along the central
line of the _re plume[ Both _gures indicate that the pre!
dictions of the present model _t experimental data quite
well\ while there is a signi_cant di}erence between the
predictions of the standard buoyancy!modi_ed model
and experimental data[ From Fig[ 7\ one may deduce
that the ~ame predicted by the standard buoyancy!modi!
_ed kÐo model is likely to be much narrower and longer
than in reality\ while the ~ame shape predicted by the
present model is much more realistic[

As one would expect\ the decay of the temperature
_eld is much faster than that of the velocity _eld\ which
decreases slowly along the central line\ due to the accel!
eration by buoyancy[ The self!similar structure of the
pure axisymmetric thermal plume indicates that
DTm�x−4:2 and Um�x−0:2[ Due to the involvement of
combustion and radiation\ the decay of the velocity and
thermal _elds in this study is somewhat di}erent from
that of a pure thermal plume[ But the general trend is
still valid here\ i[e[\ the temperature _eld decays much
faster than the velocity _eld[
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Fig[ 5[ Velocity\ temperature and composition pro_les at three di}erent heights above the burner] 9[8\ 0[1 and 0[4 m[

5[ Conclusions

A modi_ed kÐo two!equation model has been
developed to improve the consideration of the important
buoyancy e}ect on turbulence and turbulent transport[
The present model was tested against both plane and

axisymmetric thermal plumes\ and a buoyant di}usion
~ame which represents _res[ The predictions agree well with
both experimental measurements and Hossain and Rodi|s
study of the thermal plume[ When compared with the stan!
dard buoyancy!modi_ed kÐo model\ this model constitutes
a signi_cant improvement in prediction accuracy[
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Fig[ 5[ Continued[

The model was found to be stable\ computationally
economic\ promising and applicable to complex situ!
ations[ It can be easily incorporated into the widely used
kÐo based CFD codes[ This would be useful in the numeri!
cal prediction of a buoyant ~ame and ~ow[

Since this model is still kÐo based\ many disadvantages
of the kÐo type of models remain[ For example\ its appli!
cability to the ~ow of strong rotation or streamline cur!
vature can be limited[ Further research is necessary to
re_ne this preliminary work[



Z[ Yan\ G[ Holmstedt:Int[ J[ Heat Mass Transfer 31 "0888# 0294Ð02040203

Fig[ 6[ Central line velocity[

Fig[ 7[ Central line temperature[
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